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Abstract. 

In a previous article about the homogenization of the classical problem of diffusion in a bounded domain with sufficiently smooth 
boundary we proved that the error is of order e^^^. Now, for an open set H with sufficiently smooth boundary (C^'^) and homogeneous 



o 

(N 

0^ ' Dirichlct or Ncuman limits conditions wc show that in any open set strongly included in Q the error is of order e. If the open set HCk 



is of polygonal (n— 2) or polyhedral (n— 3) boundary we also give the global and interrior error estimates. 

Resume. Nous avons dcmontrc dans un precedent article sur I'homogeneisation du probleme type de la diffusion dans un domaine 
borne de fronticre regulicrc que I'errcur est d'ordre e^^^. On montre maintenant pour un ouvert O de frontiere reguliere (C^'^) avec les 
conditions aux limites homogcnes de Dirichlct ou de Neumann que dans tout ouvert fortement inclus dans O I'errcur est de I'ordre de 
e. Si I'ouvert £lCs'^ est de fronticre polygonale (n— 2) ou polycdralc (n— 3) on donne cgalemcnt les estimations globale et intcrieure de 
rerreur. 

Keywords : periodic homogenization, error estimate, unfolding method. 



J> ' 1. Introduction 

, This paper follows two previous studies [4,5] of the error estimates in the classical periodic homogeniza- 

' tion problem. The first error estimates in periodic homogenization problem have been given by Bensoussan, 

Lions and Papanicolaou [1], by Oleinik, Shamaev and Yosifian [7], and by Cioranescu and Donato [3]. In all 
' these works, the result is proved under the assumption that the correctors belong to W^'°°{Y), Y ~]0, 1[" 

being the reference cell. The estimate is of order e^/^. The additional regularity of the correctors holds 
true when the coefficients of the operator are very regular which is not necessarily the situation in homog- 
enization. In [4] we obtained an error estimate without any regularity hypothesis on the correctors but we 
supposed that the solution of the homogenized problem belonged to W'^'P{^) {p > n). The exponent of e in 
\ the error estimate is inferior to 1/2 and depends on n and p. In [5] we obtained an error estimate without 

any regularity hypothesis on the correctors but we supposed that the solution of the homogenized problem 
belonged to H^{il). This holds true with a smooth boundary and homogeneous Dirichlct or Neuman limits 
conditions. The exponent of e in the error estimate is equal to 1/2. 

The aim of this work is to give the interior error estimate and new error estimate with minimal hypothesis 
on the boundary of fl. 

The paper is organized as follows. Section 2 is dedicated to some projection theorems. Among them 
Theorems 2.3 and 2.6 are essential tools to obtain new estimates. These theorems are related to the periodic 
unfolding method (see [2] and [5]). We show that for any </) in H^{rt), where $7 is a bounded open set of 
R" with Lipschitz boundary, there exists a function 0^ in L'^ {ft; Hp^^{Y)) , such that the distance between 
the unfolded Teiy x4>) and V xfj) + ^y4'e is of order e in the space [L^(Y; {H^{rt)) )]" (Theorem 2.3) and is 
of order in the space [L'^{Y; (iJ*(fi)) )]", < s < 1, (Theorem 2.6), provided that the norm of gradient (p 
in a neighbourhood (of thickness -ie^/n) of the boundary of fl is less than e^/^ in the first case and less than 
e"/^ in the second case. 
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In Theorem 3.2 in Section 3.1, we suppose that Q, has a smooth boundary, that the right handside of the 

homogcnization problem belongs to L^(0) and we consider the homogeneous Dirichlet or Neumann limits 
conditions. By transposition and thanks to Theorem 2.3 we show that the error estimate is of order e 
and then we obtain the interior error estimate of the same order. The required condition in Theorem 2.3 is 
obtained thanks to the estimates of Theorems 4.1 and 4.2 of [5]. 

In Theorem 3.3 in Section 3.2, we suppose that the domain Cl is of polygonal (n = 2) or polyhedral 
(n = 3) boundary and the right handside of the homogcnization problem in We show that the 

error estimate is at the most of order £^/* and that the and the interior error estimates are at the most 

of order e^/^. 

We use the notation of [2] and [5] throughout this study. In this article, the constants appearing in the 
estimates are independent from e. 

2. Preliminary results 

Let O be a bounded domain in M" with lipchitzian boundary. We put 

= ja; G K" I dist{x, dfl) < k^ne}, fl^^k = jcc G R" | dist{x, O) < k^e}, k G {1, 2, 3, 4}, 
= interior( |J +F), = G Z" | e(e + F) n f2 0}, Y =]0, 1[", 

where the open set Y =]0, is the reference cell and where £ is a strictly positive real. We have 

Q C G fJs,! 

For almost any a; G R", there exists a unique element in Z" denoted [x] such that 

x=[x] + {x}, {x} G Y. 

The running point of Q is denoted x, and the running point of Y is denoted y. 
2.1 Projection theorems in L^{Y; {H'^{n))' ). 

Lemma 2.1 : There exists a linear and continuous extension operator V^: from H^{Cl) into H^{flg^3) such 
that 



(2.1) 



The constants depend only on n and dfl. 

Proof : There exists a finite open covering (Oj)j of the boundary dCl such that for each j there exists a 
Lipschitz diffeomorphism 6j which maps Clj to the open set O =] — 1, l["~^x] — 1, 1[ of M" and flj fl O to 
the open set 0+ =] — 1, l["~^x]0, 1[. To the covering of dfl we associate a partition of the unity 

(pj G Cg(ilj), ^^"^j — ^ ill ^ neighbourhood of dCt. 
j 

Let ip be in H^{Q). The function {(j)jilj)o9~^ belongs to ^^^(0+). We use a reflexion argument to extend this 
function to an element ipj belonging to H^{0). In the neighbourhood of the boundary of Cl the extension is 
equal to V'j ° ^j- This immediately gives the estimates of Lemma 2.1. □ 
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Prom now on any function belonging to H^{Q) will be extended to a function belonging to H^{Cls,3)- To 
make the notation simpler the extention of function (p will still be denoted <j). 

In the sequel, we will make use of definitions and results from [2] and [5] concerning the periodic unfolding 
method. Let us recall the definition of the unfolding operator Ts which asociates a function % {(j)) e L^{^xY) 
to each function cj) £ L^{ils), 



Te{4>){x,y) = (l){e 



ey 



^ for a; e O and y gY. 



We also recall the approximate integration formula 



(2.2) 



'-\Y\ ^^^^^ 
n p I Jqxy 



For the other properties of 7^, we refer the reader to [2] and [5]. 

Let (f) e H^{Q) extended to Cle,2- We have defined the scale-splitting operators Qe and TZg (see [2]). The 
function Qe{(t>) is the restriction to Cl of Qi -interpolate of the discrete function M^((^) 



+ ezj dz X G fl 



and 'R-e{4') 
estimates 



M^{4,){x) = ^J^4>{e 
— Qe{(j)). The operator is linear and continuous from H^{Sl) to H^{{1) and we have the 

\QM\\HHn)<C\\ct>\\Hiin) H-^ - Qe(<^)||L=(Q) < Ce||V<^||[i2(n)]n yct>eH\n). 



The constants depend on n and dfl. 

Theorem 2.2 : Let (p be in H^{rt). There exists -ips belonging to Hp^^{Y; L'^{Q)) such that 



(2.3) 



\%{<l>) - '$e\\H^Y;{H^n)y) < Cs{\\(j)\\L2(^n) + s\\V(j)\\[mn)]n} 



The constants depend only on n and dQ. 

Proof : In this proof we use the same notation and the same ideas as in Proposition 3.3 of [5]. 
Theorem 2.2 is proved in two steps. We reintroduce the unfolding operators Ts,i, defined in [5], which for 
any ^ G H^{Cl), allow us to estimate the difference between the restrictions to two neighbouring cells of the 
unfolded of (p in L^{Y; {H^{i})) ). Then we evaluate the periodic defect of the functions y — > Ts{(f)){.,y) 

thanks to Theorem 2.2 of [5]. 

+ Ki] is included in fl^ 2- 



Let Ki = Y U {ci + Y), i E {1, . . . , n}. For any x in ft, the cell e 
We recall that the unfolding operator Te^i from L^(17£^2) into L^(f2 x Ki) is defined by 

Vip e i^(f2e,2), Te,i{'ip){x,y) = ip(^s — + ey^ for a; e f2 and a. e. j/ e Ki. 

The restriction of Ts^i{il>) to x F is equal to the unfolded 7^(^) and we have the following equalities in 
L^{n X Y) : 

%,i{tp){., .. + Ci) = Te{tp){. + eci, ..), ie{l,...,n} 
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step one. Let us take ip e L^(0e,2)- We evaluate the difference Te,i{tp){-, ■■+ei)—Te,i{ip) in L'^iY; (-ff^(fi)) ). 
For any ^ G H^{fl), extended on Sle,i, a linear change of variables and the relations above give 

for a. e. ?/ e y, / Ts,i{il'){x,y + ei)'i{x)dx = / Ts,i{il'){x + eei,y)'i{x)dx 
Jn Jn 

%,i{i>){x, y)^{x - eei)dx 



J 



We deduce 



/ {r.,i(v)(.,t/ + e-;)-rM(V')(-,2/)}*- / rMW(•,^/){*(•-ee-;)-^E'} 

Jn Jn 
<C||r.,i(V)(.,y)IL.(a,..)ll*lli=(ae,i) a. e. 2/ e Y. 

Since f2 is a bounded domain with lipschitzian boundary and since ^ belongs to i/^(r2e i) we have 



(2.4) 



hence 



|*(. -£e;)-'J'||z,2(o) <Ce — , ie{l,...,n}, 



L2(n) 



= / {rM(^)(.,2/ + eO-re,i(V)(.,2/)}M' 

<C£||V*||[L2(n)]n||re,iW(.,^/)|U^(^) + C'^/i||*||Hl(a)||re,i(V')(.,^/^ 

We deduce that 

\\%Am,y + ei)-%Ai>){-,y)\\iH^n)y <Ce\\%A^P){.,y)^^^^^ 

Which leads to the following estimate of the difference between Te,i{ip)\^^Y and one of its translated : 

(2.5) \\%,im., •• + ei) - %,im\mY;(min)y) < CeMlmn,,,) + <^^M\mn^^,y 

The constant depends only on n and on the boundary of fl. 

Step two. Let (f) G H^{fl). The estimate (2.5) applied to (j) and its partial derivatives give us 

||7;,^((^!))(.,.. + e,) -7;,,(0)||i2(y.(Hi(a))') < Ce{\\(j)\\L2^a) + e||V0||[L2(n)]"} + C'Ve||9!'IL2(n^_^) 
||rM(V(/.)(., .. + Ci) - re,i(V<^)||[i2(^.(Hi(a))']n) < C{£||V<^||[L2(a)]n + Vi||V<^||j^,(j5^^^)j„} 

We recall that Vy(7l,i{4>)) = eTe^iiycj)) (see [3]). The above estimates can also be written as follows : 

\\Te,i{<t>){; ■■ + ei) - %,i{(l))\\Hi{Y;{H^n)y) < C^iMlL^in) + e| | V(/)| | [i,2(n)]. + \/£||V?i||j^2(Q^_^)]n} 

+ Cx/i||'/'IL2(a,,,) 

Prom these inequalities, for any i G {l,...,n}, we deduce the estimate of the difference of the traces of 
y — > Ts{(j)){., y) on the faces Yi and + Yj 



It measures the periodic defect of y — > %{(f>){., y). We decompose 7^ ((/>) into the sum of an element belonging 
to Hl^^{Y;L'^{n)) and an element belonging to {H'^ {Y ; LF' {9)))^ (the orthogonal of Hl^^{Y ; LF' {Q)) in 
H^{Y-L'^{Vl)), see [5]) 

(2.6) r.(<^)=V^e + 0e> i^e(^Hl,,{Y-L\n)), e {H\Y; L^iQ)))^ 

Prom the Riesz Theorem the dual space {H^{Sl)) is a Hilbert space isomorphic to H^{Sl). The function 
y — > Te{4>){-,y) takes its values in a finite dimensionnal space, 

^,(.,..)= ^^,,j(..)X€(.) 

where x^i-) is the characteristic function of the cell e(^ + y) and where 0^ ^(..) G {^H^iY)^^ (the orthogonal 

of Hl^^(Y) in H^{Y), sec [5]). Hence the decomposing (2.6) is the same in {Y ; {H'^ {n))' ) . As the 
decomposing is orthogonal, we have 

\He\\Hi(Y;L^(n)) + \\4' e\?m {Y -L^ (£1)) = I I^^W I Iffi (y;L2(n)) < C{M\LHn) + ^1 1 V(?!)| | [^2(0)]- } ^ 

Hence we have the first inequality (2.3) and an estimate of (j)^ in H^{Y; L'^{fl)). Prom Theorem 2.2 of [5] 
and (2.5) we obtain a finer estimate of (f)^ in H^{Y; {H^{Cl)) ) 

\\^e\\m{Y;{m{n)y) < <^e{II^IU=(n) + e||V</'||[i2(n)]^ + V^||V</-||j^,^j^^^^^j J + Cv^||^||^,^jj^^^^ 

It is the second inequality in (2.3). □ 

Theorem 2.3 : For any 4> S H^{^), there exists (pe G ^^^^{Y ; L'^ (U)) such that 



(2.7) 



\(l^s\\m(Y;L^(n)) < C'||V(;i||[L2(n)]„, 

|7^(V^0) - V^0- Vy^e||[i2(y.(^i(s^))')]„ < C£||V(?i||[i:,2(n)]„ +Cx/i||V(/)||j^2(a^_3)]„ 



The constants depend only on n and dfi. 

Proof : Let (j) £ H^{il). The function <j) is decomposed 

(/) = $+ e^, where $ = Qe{4>) and ^ = -TZe{<j)). 
with the following estimate : 

(2.8) 1 1 V$| I [i2(a)]n + I 1^2(0) + £| I V^l I [i2(0)]. < C| I V</)| I [^2(a)]n . 

We apply the Poincare-Wirtinger inequality to the function (j) in each cell of the form £(^ + Ki) and of the 
form e(^ + Y) included in ^^£,3. We deduce that 



l|V2e(<^)||[^2(a,,,)]„<C||V<^||(^,(fJ^^^),„ 



We also have (see [3]) 



.=(a.,) = Jll'/'-2e('/')IL.(a.,)^^l|V'/'ll[,.(a.,3)^ 



Theorem 3 apphed to (j) gives us the existence of an element in ^^^^{Y; L^(0)) such that 

I \\4>E\\Hi(Y:L^(n\) < C\W(j)\\\L2(Q)]n, 

(2.9) 



We evaluate ||7;(V$) - '7^\\[L2(Y.(m{n)y)]"- 
Prom Lemma 2.2 we have 



Prom the definition of $ it results that y — > Te I t: — ) (., v) is linear with respect to each variable. Por any 

\OXiJ 

ijj e H^{Sl), we have 



/n\n, 
We have 

Besides, as in Theorem 3.4 of [5] we show that 

L {'^^(£)(-'2')-^^(^)}^^(V')<C£||V<^ll[^^(n)rl|VV'll[LW 

and eventually 



Considering (2.10) and all the partial derivatives, we obtain 
Moreover we have 



hence ||eV(/>||[(jji(Q))']„ < C'e||V(}i||[i2(Q)]n + C\/i||V0||jj^2(Q g^jn- Thanks to (2.9) and to the above inequal- 
ities the second estimate of (2.7) is proved. □ 

2.2 Projection theorems in i^(F; (i?*(0))'), < s < 1. 
The space ^^(fi), < s < 1, is defined by 

Equipped with the inner product 

f,,^f ('/'(x)-0(a:O)(V>(x)-^(x')) ^ ^ , 

JQ JQxQ \X — X \ ^ 

_ff'^(0) is a Hilbcrt separable space. We denote ||.||s.f2 the norm associated to this inner product. 

As we have done in Lemma 2.1 we build a linear and continuous extension operator V from if*(f2), < s < 1, 

into H^{Ctg^4) verifying 

The constant depends only on n, s and dfl. 

Prom now on any function belonging to iJ*(0) will be extended to a function belonging to i?*(f2e^3), < 
s < 1. To make the notation simpler the extention of function </> will still be denoted (j). 

Lemma 2.4 : For any (j) S H''{Q), < s < 1, we have 



(2.11) 



|Ve.('/')ll[z,.(n,,3)]n < Ce^-'MU,n, ll0IL.(n,,3) < Ge^^'Mkn 
|(/)-^(. +eei)||z,2(n) < Ce"||(/)||.,n, iG{l,...,n} 



The constants depend on n, s and dfl. 

Proof : For any ip belonging to H^{Y), < s < 1, we have the Poincare-Wirtinger inequality 



\\iP-MYm\L-^Y)<c\m 



s,Y 



where My(^) is the mean of ip in the cell Y. The constant depends only on n. We immediately deduce 
the upper bound 110 — My((^)|| 2 ~ < C£*||(^||sq. We apply the Poincare-Wirtinger inequality to the 
restriction of (p to two neighbouring cells included in Sle,4 and we obtain the estimate of the gradient of Qe{^) 
in (l|VQe('^)||[i2(n^ 3)]. < Ce'-^\\cl>\\,,n) and then the upper bound ll'/> " Se(<^)||^2(f^,,3) - 
thanks to the estimate of ||(/) — My.((?!))|| „ ~ , . The function Qe{(l)) belongs to H^iQ^.s), hence considering 
a neighbourhood of ^^£,3 (included in ^^£,3) of thickness e^~^ we show that 

ll2e(</')IL.(a^3) ^ ^''^'M^<^ =^ ll-^llL^Cn^a) ^ Ce^^'mU,^. 

We have 

110 - 0(. + eei)\\mn) < ||0 - Qe{cl>)\\LHn) + ||Qs(0) - Qe(0)(- + ee,)\\mn) 
+ ||0(. +£e;) - QMi- + eei)\\mn) < Cs'\\<p\\s,n 



thanks to the upper bounds of ||(/>— Qe((/))||^2(fJ 3) ^'^'^ ll^2£(</>)||j^2(JJ 3)]™- The last inequality of the lemma 
is the consequence of the estimates ||VQe(^)||jj^2(Q g^jn < C'£*||(/)||s,n and ||Qe(0)|l2^2(Q 3) < C'||(?i||s,n. □ 

CoroUciry : For any s e]0, 1[ and for any (j) G H^{Cl) we have 



(2.12) 



\Qe{<l>)-Mp{cf>)\\L2^n)<Ce'm\s,n 
\\<p-Te{mLHnxY)<Cs'm\s,a 



The constants depend on n, s and dfl. 

Proof : The inequalities (2.12) are the consequences of (2.11). □ 
Theorem 2.5 : Let (j) he in H^{fl). There exists -tjje belonging to Hpg^{Y; i^(0)) such that for any s e]0, 1[ 



(2.13) 



' \\'$s\\m{Y;L^{a)) < C{||0||l2(o) + £\\V(f)\\[L2(n)]^} 



The constants depend only on n, s and dQ. 

Proof : With a few modifications we prove Theorem 2.5 as Theorem 2.2. Thanks to Lemma 2.4 we replace 
the inequalities (2.4) of step one in Theorem 2.2 by 



^ < C£^''^'^\\^^\\ O 



[\\^{.-eei)-'^\\L2^Q) < Ce^pll^.n, ie{l,...,n} 

Theorem 2.6 : For any (j) e -H'^(n), there exists (j)e e Hl^^{Y;L?'{Q.)) such that 
I ll</'£llffirv-f,2|-nii < C'IIV(/)||rr,2rnH'', 

(2.14) 



□ 



ll</'e||j?i(Y;L2(n)) < C"! I V(/)| | [j:,2(n)]n , 

I \Te {V,ct>) -^.<t>-^vM\ [L-{Y;(Hs (n))' )]- < C^ll V</>| | [^2 (O)]. + Cs^'^ 1 1 V<^| | (n„3)]n • 



The constants depend only on n, s and dQ. 

Proof : With a few modifications we prove Theorem 2.6 as Theorem 2.3. Proceeding as Theorem 3.4 in 
[5] and thanks to Lemma 2.4, we show that 

where (j) = ^ + e^, ^ = Qe{(j)). Now let V be in H^{fl). We have 



< l|V^||[L2(n)].||V - QeWWLHn) + m\man)\\Qem\LHaa) + IHlL=^(o)||Se(V')ll[L=^(n)]" 

hence ||£V(?!)||j(j:^s(f2))'j„ < Ce''*IlV(i)[|[/^2(j^)]n +Ce*'/^||V^||j^2(Q g^jn thanks to the estimates of ^ (see Theorem 
2.3) and the inequalities of Lemma 2.4. □ 
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3. Error estimate in the classical homogenization problem 

We consider the following homogenization problem : 



(3.1) 



[ A{{-})Vct>'.Vu= [ fu, 
Jn ^ Jn 



where 

• f2 is a bounded domain in K" with lipschitzian boundary, 

• Fq is a measurable set of dSl with measure nonnuU or Fq = 0, 

• iJi^(fi) = {(/)€ H^n) I = on Fo}, 

• yl is a square matrix of elements belonging to L°°(y), verifying the condition of uniform ellipticity 
c|^P < A{y)£^.^ < C|^p a.e. y e Y, with c and C strictly positive constants. 



If Fq = 0, we suppose that 



Jn Jn 







We have shown, see [2], that V^^ — V$ — ZYe(Vy0) strongly converges towards in [L^(f2)]", where Us 
is the averaging operator defined by 



and where 

($,0)effi„(C!)xL2(f],Hpi,,(r)/R) 

is the solution of the limit problem of unfolding homogenization 

■ V(C/, u) e H^^{^) X Hl^{Y)/^) 
^^■^^ ^ ^ ^ A{W^^ + yy'$).{y^U + Vyu]-- 



n Jy 



fu. 



If Fo = 0, we take / $ = 0. 

Jn 

We recall that the correctors i G {1, . . . , n}, are the solutions of the following variational problems : 



They allow us to express (/> in terms of V$ 

1=1 

and to give the homogenized problem verified by $ 

(3.3) / AV^VU = [ fU yUGH^^in) 

Jn Jn 
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where (see [3]) 

3.1 First case : smooth boundary and homogeneous Dirichlet or Neumann limits conditions 

In this paragraph we suppose that 

• is a bounded dom,ain in R" with C^'^ boundary, 

• To = dCl (homogeneous Dirichlet condition) or Fq = (homogeneous Neumann condition). 

In Theorems 4.1 and 4.2 in [5] we gave the following error estimate for the solution of problem (3.1) : 

n Q I 

(3.4) - $IU=(o) + IIV.^^ - V$ - ^ v,x.({-})ll[L^(o)]" < Ce'/'WfW^.^n), 

i=l ^ 

the constant depends on n, A and dQ. In Theorem 3.2 we are going to complete these estimates. 
Lemma 3.1 : We have 

(3.5) l|Vril[^.(a,3)]„<C^V^II/IU^(n) 
The constant depends on n, A and dfl. 

Proof : The boundary of il being of class C^'^ we deduce that the solution $ of the homogenized problem 
(3.3.i) belongs to H^{Q) and verifies ||$||_f/2(f2) < C||/||i2(Q). The estimate of Lemma 3.1 is a consequence 
of (2.1), and of (3.4) and of the following inequality : 



i=l 



□ 



We denote by p{x) = dist{x, dQ) the distance between x Gfl and the boundary of Q. 
Theorem 3.2 : The solution (j)^ of problem (3.1) verifies the following estimates : 

(3.6) W -nL^m<Ce\\f\\L^in), 

(3.7) \\p{w - v$ - E v.x.(-)) < C.||/|U.(o). 

i=l 

The constants depend on n, A and dVt. 
Proof: We put pe(.) =inf|^,l}. 

Step one. Let U E i/p^(il) n H'^{rt). In problem (3.1) wc take the test function U, then by unfolding we 
transform the equality we have obtained. Thanks to (2.2), (3.4) and thanks to the corollary of Proposition 
3.1 of [5], we have 



/ A{{-})V(f>'.VU- [ ATe{Vcj>')VU < [ A{{-})V(f>'.VU- [ Te(A{{-})Vcf>' .VU 
Jn ^ JnxY Jn ^ JnxY ^ ^ 

[ A%{Vcj,^){%m)-\7U} 
JnxY 



<C£||/|U.(n)||Vf/||[Hi(a)]n 
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We apply now Theorem 2.3 to the function (j)^ . There exists <ff e H}^^^{Y; L'^{Q,)) such that 



(3.8) 



\Te{"^x(t>l-^x(t>-^v4>e\\lL^{Y;(m{n))')\^ < C£||/||l2(q) 



since from Lemma 3.1 we have ||V0^ 
we obtain 

(3.9) 



< Cy/e\\f\\]:^2(^Qy From the above estimates and from (3.1) 



[ fU- [ A{Vxct>' + Vy^e)VxU <Ce\\f\\L2^n)\m\\[H 
Jn Jqxy 



HO)]' 



Now let Xi € -ffpgr(F), i G {1, . . . , n}, be the solution of the variationnal problem 
(3.10) ^ AWyBWyixi +yi)=0 e H'^,,{Y) 



If matrix A is symetric Xi = Xi> Xi are the correctors. 



In problem (3.1) let us take the test function Ue{x) = eps{x)'^^ ^^('a — We have multiplied by 



(X \ 



so that the test function belongs to Hq{Q.). We immediately verify the inequalities {i G {1, . . - ,11}) 



in £ 



< C£||/|U.(0)||Vf/||[i2(a)]n 

l[i2(a,,,)]J|VC/||[ffi(n)]" 



^£A({-})V</.-VpeQe(g)X.(-)| < CVi||V<^' 

^speA({-})V0^ VQ.(g^)x,(-)| < Ce\\V<i>%L^n)r\m\\^H^n)) 
- p,)A({-})V</.^ Q^(g)v,x,(-) I < CVi||V0' 



[i2(o,,,)]J|VC^||[ffi(n)]" 



Prom these estimates, from (3.5) and the corollary of Proposition 3.1 in [5] we obtain 



//({-})vr |:A^y(||)v.x.(-)| < Ce\\f\u.^n)\\mWm 



By unfolding we transform the left handside integral of the above second inequality. Prom (2.2) and (3.5) 
we have 



lA({-})vf tMu'^wM-)- i%{A({-})^*' p'-A^WM^) 
<cv?||v^.'|||i,,s,,„,l|vf;|||„.,„,|, <C£||/||w,„,||v[/|||„,,„„. 

We reintroduce the partial derivatives of U. As a result we have 



/ Ar.(V.</.^)f^|^V,Xi <C£||/|U2(o)||V[/||[HMa)] 
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We replace Tsi^x'l>^) by Vx<A + Vy(/>e thanks to (3.8), which gives us 

A{V.<P' + V,^^) V, (fj ||x,) I < C£| I/I II Vf/| liHMn)]" 

From the definition of the correctors Xi we obtain / A(Vx<?^^ + /J — ^yXi) ^v{z_] a — Xj ) = 0, we 
substract it from the left handside of the above inequality and thanks to (3.10) we deduce 

^V,(r - E V.C/ < C5||/|U.(a)||Vf/||[Hi(Q)]n 

1=1 

and then from (3.9) we obtain 



(3.11) 



Jn 



< C£||/|U2(o)||Vf/||[HMn)]" vt/ G H^^{n)nH^n) 



where A is the matrix of the homogenized problem. 

Let Us S Hp (f2) be the solution of the variationnal problem 



(3.12) 



[ AVvVU, = / (0^ - yv e H^^{fl) 

Jn Jn 

n.i 



The boundary of Q is of class C ■ and wc have the homogeneous Dirichlct or homogeneous Neumann limits 
conditions. As a result we have 11^ belonging to ffp^(f2) fl ff^(r2). Moreover it verifies the estimate 

||f/e||H=(Q) <C||<^^-$||l^(Q) 

In (3.12) we take v = 4>^ — ^ to obtain the estimate of the norm of 0^ — $ thanks to (3.11). 
Step two. Now we prove the estimate (3.7) of the theorem. 

Let U be in H^^{n). From Theorem 3.4 in [5] there exists e H^^^{Y; L'^{n)) such that 
(3.13) \\%{VU) -VU -S/yUe\\[LHY;H-Hn))]- < Ce\\VU\\[L-(n)]- 

In problem (3.1) we take the test function pU and in problem (3.2) the couple of test functions {pU,pu^). 
We obtain 

[ fpU^ [ A{{-})pV<f>'.VU+ [ UA{{-})V<t>'Vp 

Jn Jn £ Jq e 

The solution $ of homogenized problem (3.3.i) belongs to H^{Q) and verifies ||$||//2(q) < C||/||i2(Q). Hence 
the function belongs to [ifQ(r2)]". From (3.13) we have 



/ Ap{Vx^ + f2^VyXi){Te{VxU)-VxU-VyU,) <C£||/|U2(0)||V[/||[L= 

JnxY ~[ <JXi 
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Now we introduce the discrete functions Mf (V$), Mf (^), M^(C/), (p), M^(Vp) to replace V$, 

U, p, Vp thanks to the estimate of Proposition 3.1 of [5]). We use (2.2) to transform the integrals over 
n xY in integrals over fl by inverse unfolding. Then we replace the discrete functions by V$, Q£{§§-), U, 
p, V p and to conclude we add the partial derivatives missing in the gradient of $ + eX)"^i 2e^^^Xi(t) 
(for more details see the proof of Proposition 4.3 in [5]). We obtain 

- f ^({ j})v(* + ei: a(^) vp| < C£ii/||„|„,ii(;|; 

The first equality of (3.14) and the above inequality give us 

||^^({_)Vv(*--*-.|:a(£)x.(j))vf/ 

+/^f/A({j})v(*>-*-.|:s.(g)..(j))vp| 

Now we choose U = p(j)^ — $ — ^^(s"")^*^"-^)' coercivity of matrix A there follows that 



< Cs 



L2(n)||t^||Hi(n) 



ll.v(#-*-.i;e.(f)x.{j))llf..,„„ 



< c||,v(# - * - c.(g),.{j))ll„.,„,HI# - * - c.(f )x.(j) 

i=l i=l 



lL2(n) 



i~i -r ft OjTv 

i=l ^ i=l * 

Thanks to (3.6) we obtain an upper bound of \\pV[(f>^ — $ — e^"^^ Q£(^)xi(7))ll[i2(Q)]n. The functions 
Qs{§^), i & {1,. . . ,n}, are bounded in fl'^(O), the estimate (3.7) immediately follows. □ 

CoroUciry : Let O an open set strongly included in ft, we have 

W-^-ej2Qe{^Jxi{-J\\HHn')<Ce\\f\\LH^ 

The constant depends on n, A, ft and dfl. □ 
3.2 Second case : Lipschitz boundciry 

In Theorem 4.5 of [5], Fq is a union of connected components of dO, and we have shown that there exists 7 in 
the interval ]0, 1/3] depending on A, n and dfl such that the solution of problem (3.1) verifies the following 
error estimate : 



(3.15) \\ct>' - + ||Vr - V* - ^ Q^(g)v^Xi(-)ll[L^(n)]" < C£^||/IU^(n) 

The constant depends on n, A and dQ. 



13 



In the sequel of this paragraph we suppose that 

• the open set fl is a bounded domain in of polygonal (n = 2) or polyhedral (n = 3) boundary, 

• Q, is on one side only of its boundary, 

• To is the union of some edges (n = 2) or some faces (n = 3) of dfl, 

• ifTo^ dfl the homogenized matrix A is symetric. 

We know (see [6]) that for any g € L'^{i}) the solution of the variationnal problem 

(3.16) UeH^^in), [ WUVcj>= [ gcf> V<^eif^,(f2) 

Jn Jn 

belongs to if^+*(f2) for an s belonging to ]l/2, 1[ (s = 1 if the domain is convex) depending only on d^l and 
on the chosen limits conditions and verifies the estimate 



||VC/|Ua<C||ff|U.(n) 

Under a non singular linear transformation the variationnal problem (3.3) becomes (3.16). It is posed in a 
domain which is of the same kind as O. Hence, the solution $ of the homogenized problem (3.3) belongs to 
i?^+*(ri) for an s belonging to ]l/2, 1[ (s = 1 if the domain is convex) depending only on dfl, on A and on 
the chosen limits conditions and verifies the estimate 

||V$||,,n<C||/|U2(o) 
Theorem 3.3 : The solution (j)^ of problem (3.1) verifies 

9$ 



(3.17) 



X^(-)|| <Ce'/^ 
^ ^e^ll[L=(n)]- 



W - ^LHn) + ||p(v<^^ - V$ - ^Q,(_) V,x^(- 



L2(n), 



[L^n)]' 



<CenL^n). 



The constants depend on n, A and dSl. 
Proof : 



Step one. As in Proposition 4.3 of [5], we show that if ($,^) is the solution of problem (3.2), then 
$ + ^^^PeQei-^ — is an approximate solution of problem (3.1). The function $ is the solution of 



i=l 



the homogenized problem (3.3). 

Let G H^^{fl). Thanks to Theorem 2.6, there exists -0'^ G Hp^^{Y; L'^{fl)) verifying the estimates 
(2.15). We take (*,-0^) as test-function in the unfolded problem (3.2). Since Vi> belongs to [iJ*(fi)]" and 
||V$||s,o < ^11/11^2(0), we obtain 



< Cs'^'\\f\\LHn)\mmin) 



We replace -- — by Qe ( 7; — ) and then, the following part of the proof is exactly the same as the proof of 
oxi ^ axi ' 

Proposition 4.3 in [5] because, thanks to Lemma 2.4 we have 

" |va>-Qe(va>)||[L2(o)]. <C£^||/IU2(n), 



(3.18) 



|2e(V*)||[^,(J5^_^)]„ ^ 0£-'-||/||L2(0) 



&(V$)||[^2(a)i. < C||/|U2(o) \\Qe{^nW{n)Y < Ce' WJllL^ny 
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Hence we obtain the first inequality of (3.17). 

Step two. We now use the first inequahty of (3.17) and again the estimates of Lemma 2.4 and as in 
Lemma 3.1 we prove the following upper bound of the norm of gradient 0*^ in the neighbourhood of : 



(3.19) 



i2(n) 



The constant depends on n, A and 90. 

Step three. Let U be in H^^{il) n i?^+*(J7). In problem (3.1) we take the test function U, then by 
unfolding we transform the equality we have obtained. Thanks to (2.2), (3.19) and thanks to the corollary 
of Lemma 2.4, we have 

/ A{{-})V<t>'.VU- [ ATe{Vct>')VU < [ A{{-})V^'.VU- [ TjA{{-})Vct>' .Vu) 

+ / Are(v0^){re(vc/)-vc/} 

<Ce^ll/l|L^(n)||VC/|||«,a 
We now apply Theorem 2.6 to the function . There exists e Hpgj.{Y; i^(fi)) such that 

(3.20) lir.(V.r) - V^0.||[^.(y.(^3(n))')]n < Ce'WfWmn) 
We go on as in step 1 of Theorem 3.2 to obtain 

(3.21) / A{V<P'-V^)VU < Cs'\\f\\mn)\\VU\\s,n e H^^{n) n H^+'{n) 
Jq 

Let Ug be the solution of the variationnal problem 

(3.22) UeGH^^iQ), [ AVvVU, = [ {(f)' - G Hl^{fl). 

Jq Jq 

The function Ug belongs to H^^{Q) n iJ^+*(f2). Moreover we have 

||VC/,||,,n<C||0^-$|U2(n) 
We take v = — ^ in (3.22) and thanks to (3.21) we obtain the estimate of the norm of (p^ — 

n 

Step four. We now prove the upper bound of VyXi( ) ) • 

i=l ' 

We take a test function in. U G H^^{Q) and as in step 2 of Theorem 2.5 we decompose the unfolded of its 
gradient thanks to Theorem 3.4 of [5]. In (3.1) we take pU as test function and in (3.2) we take {pU,pu^) as 
couple of test functions. We obtain both equalities (3.14). In the first line of the second equality of (3.14) 
we replace V$ and §§- by Qe(V$) and Q£(^). Thanks to (3.18) we have 

fpU- Ap(Qe(V,$) + V S.(^)VyX*) (V.t^ + Vj,u^) 
Jq Jqxy ^ ,_i / 

< 

+ [ UAh^^ + J2?-^yXi)^xp\<Cs' 
JQxY ^ i^l^^i ' ^ 



L2(n)| 



V[/| 



[L2(n)]" 
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From the belonging of pQe(V$) to [H^{n)]'^, and from (3.18) and from (3.13) we deduce 

^ ^ Ap(Qe(V,$) + J2 (7'e(VxC/) - V.C/ - VyUs) I < C£«||/|U^(Q)||VC/||[i2(o)]„ 

We go on as in step 2 of Theorem 3.2. To conclude we use the upper bound of the norm of the function 
(/)^ — $ we obtained above. □ 

Corollary : Let O be an open set strongly included in O, we have 

The constant depends on n, A, fl and dfl. □ 
Remeirk : If f2 is a convex domain we obtain the same estimates as in Theorem 3.2. □ 
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